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Martini et al. [Phys. Rev. C 94, 015501 (2016)] recently observed that when the produced-lepton’s
mass plays an important role, the charged-current quasielastic cross section for muon neutrinos
can be higher than that for electron neutrinos. Here I argue that this effect appears solely in
the theoretical descriptions of nuclear effects in which nucleon knockout requires the energy and
momentum transfers to lie in a narrow range of the kinematically allowed values.
I. INTRODUCTION
In a recent article [1], Martini et al. analyzed the
cross section for charged-current (CC) scattering of elec-
tron and muon neutrinos off the carbon target, obtained
within two theoretical approaches, the continuum ran-
dom phase approximation (RPA) [2] and the local Fermi
gas model with the RPA effects accounted for using the
model of Refs. [3, 4]. One of the findings of Ref. [1] is that
at the kinematics where the charged-lepton’s mass plays
an important role—such as low scattering angles and low
neutrino energies—the quasielastic (QE) cross section for
muon neutrinos is higher than that for electron neutri-
nos, contrary to what could be naively expected based on
the phase-space availability. Here I point out that this
finding is particular to the approaches in which bound
nucleons can only be removed from a narrow kinematic
region.
II. RELATIVISTIC FERMI GAS MODEL
As an illustrative example, consider the process of CC
QE neutrino interaction with a nucleus described within
the relativistic Fermi gas (RFG) model. For the energy
transfer ω, the kinematically allowed range of the mo-
mentum transfer |q| is given by the condition [5]
|h− pF | ≤ |q| ≤ h+ pF , (1)
where h =
√
(ω − + EF )2 −M2 and EF =
√
M2 + p2F ,
with pF being the Fermi momentum and  denoting the
separation energy. In numerical calculations, I employ
the values pF = 221 MeV and  = 25 MeV [6]. The
minimal energy transfer required for the interaction to
happen is ωmin = E
min
p′ −EF + , with Eminp′ = EF when
Pauli blocking (PB) is taken into account and Eminp′ = M
when this effect is neglected.
To produce a charged lepton of mass m at the scat-
tering angle θ, a neutrino of energy Eν has to probe the
allowed swath of the (ω, |q|) values at
|q| =
√
E2ν − 2Eν |k′| cos θ + |k′|2, (2)
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where |k′| = √(Eν − ω)2 −m2.
The difference between the electron and muon masses,
me = 0.51 MeV and mµ = 105.66 MeV, can affect the
phase space available for quasielastic interaction when (i)
the neutrino energy or (ii) the charged-lepton’s energy
are comparable to mµ, or when (iii) the scattering angle
is sufficiently small.
These features are shown in Fig. 1, comparing the kine-
matics accessible for CC QE interactions of neutrinos
of energies 200 and 600 MeV and scattering angles 5◦
and 60◦. For low neutrino energies and small scatter-
ing angles, the muon-electron mass difference plays an
important role and the kinematics probed by electron
and muon neutrinos differ sizably, see the solid lines in
Fig. 1(a) corresponding to 200-MeV neutrinos scatter-
ing at 5◦. On the other hand, when neutrino energy is
significantly higher than the muon mass and the scat-
tering angle is large, electron and muon neutrinos probe
the nuclear response at essentially the same values of the
energy and momentum transfers; see the dotted lines in
Fig. 1(b) corresponding to 600-MeV neutrinos scattering
at 60◦.
At small angles, the RFG model with Pauli blocking
yields a CC QE cross section that is higher for muon
neutrinos than for electron neutrinos, see Table I. It is a
consequence of the strong constraint that this approach
imposes on the allowed values of ω and |q|, clearly visible
in Fig. 1(a), which affects electron neutrinos much more
significantly than muon neutrinos.
However, when the effect of Pauli blocking is neglected,
the accessible phase space broadens by gaining an addi-
tional area in the (ω, |q|) space, represented by the dark-
shaded regions in Fig. 1. As a result, the CC QE cross
section of muon neutrinos becomes lower than that of
TABLE I. Ratio of the differential cross sections
dσ(νµ)
d cos θ
/ dσ(νe)
d cos θ
for charged-current quasielastic scattering off carbon calcu-
lated within different nuclear models.
Eν = 200 MeV Eν = 600 MeV
5◦ 60◦ 5◦ 60◦
RFG w/ PB 1.57 0.62 1.03 0.97
RFG w/o PB 0.73 0.71 0.96 0.97
Mean-field SF 0.72 0.53 0.96 0.97
Full SF 0.71 0.52 0.96 0.97
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FIG. 1. (color online). Comparison of the values of energy transfer ω and momentum transfer |q| kinematically allowed in
charged-current quasielastic νe and νµ scattering at 5
◦ (solid lines) and 60◦ (dashed lines) for energy (a) 200 MeV and (b) 600
MeV. The light-shaded areas show the (ω, |q|) regions accessible in the relativistic Fermi gas model with Pauli blocking effect
taken into account. The dark-shaded areas represent additional regions available when Pauli blocking is neglected.
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FIG. 2. (color online). Same as Fig. 1 but for the spectral function approach. The accessible (ω, |q|) regions broaden from
the light-shaded areas to the dark-shaded ones when the full spectral function is considered instead of its mean-field part only.
electron neutrinos, even at low energies and small scat-
tering angles, see Table I.
III. SPECTRAL FUNCTION APPROACH
The same holds true when the ground-state properties
of the carbon nucleus are described using the realistic
spectral function (SF) [7, 8] or even only its mean-field
(shell-model) part [9, 10], as shown in Table I. Also
in these cases, the broad swath of the allowed (ω, |q|)
values, presented in Fig. 2, ensures that the νe CC QE
cross section is not suppressed. At small scattering
angles, the interaction process is dominated by low
energy transfers, see Supplemental Material [11], and
is largely unaffected by the short-range correlations
taken into account in the estimate of the full SF. As a
consequence, the cross section ratio
dσ(νµ)
d cos θ /
dσ(νe)
d cos θ does
not change significantly when only the mean-field SF is
applied in the calculations.
IV. GENERAL CASE
Consider the general case, in which removal of a nu-
cleon of the initial momentum |p|, 0 ≤ |p| ≤ pmax,
leaves the residual (A − 1)-nucleon system with the ex-
citation energy E, Emin ≤ E ≤ Emax, with negligible
final-state interactions. The mass of the residual system
can vary between MminA−1 = MA−M +Emin and MmaxA−1 =
MA−M +Emax. Then, the kinematically allowed range
of the momentum transfer is |q|min ≤ |q| ≤ |q|max, with
3|q|min =
{
0 for Emin ≤ ω ≤ EmaxA−1 +
√
M2 + p2max −MA,√
(ω +MA − EmaxA−1)2 −M2 − pmax for higher ω,
|q|max =

√
(ω +MA)2 − (MmaxA−1 +M)2 for Emin ≤ ω ≤ EminA−1
(
1 +M/MminA−1
)−MA,√
(ω +MA − EminA−1)2 −M2 + pmax for higher ω,
(3)
where EXA−1 =
√
(MXA−1)2 + p2max, X = min, max.
The broader the allowed ranges of |p| and E, the
broader the allowed swath of the (ω, |q|) values. However,
for CC QE scattering of 200-MeV neutrinos at 5 degrees,
the ranges 0 ≤ |p| ≤ 240 MeV and 15 ≤ E ≤ 35 MeV
are sufficient for the maximal allowed energy transfer for
νe’s to be higher than that for νµ’s. This feature results
from lack of one-to-one correspondence between the ini-
tial momentum of the struck nucleon and the excitation
energy of the residual system, which sizably broadens the
allowed kinematics in the region of low energy and mo-
mentum transfers, the most significant for scattering at
small angles.
V. SUMMARY
In the theoretical approaches in which the kinematics
of nucleon knockout is strongly constrained—such as the
RFG model with Pauli blocking—the CC QE cross sec-
tion of muon neutrinos can, in fact, be higher than that of
electron neutrinos at small scattering angles, as observed
by Martini et al. [1]. However, this effect does not appear
when the allowed swath of the energy and momentum
transfers is broader. This is the case, for example, when
a theoretical model is able to cover the shell structure
determined from the available experimental data [9, 10]
and account for the observed lack of one-to-one corre-
spondence between the momentum of the struck nucleon
and the excitation energy of the residual nucleon system.
ACKNOWLEDGMENTS
The author thanks Omar Benhar for his comments on
the manuscript. This work has been supported by the
National Science Foundation under Grant No. PHY-
1352106.
[1] M. Martini, N. Jachowicz, M. Ericson, V. Pandey, T. Van
Cuyck, and N. Van Dessel, Phys. Rev. C 94, 015501
(2016).
[2] N. Jachowicz, K. Heyde, J. Ryckebusch, and S. Rom-
bouts, Phys. Rev. C 65, 025501 (2002).
[3] M. Martini, M. Ericson, G. Chanfray, and J. Marteau,
Phys. Rev. C 80, 065501 (2009).
[4] M. Martini, M. Ericson, and G. Chanfray, Phys. Rev. C
84, 055502 (2011).
[5] A. M. Ankowski, O. Benhar, and N. Farina, Phys. Rev.
D 82, 013002 (2010).
[6] R. R. Whitney, I. Sick, J. R. Ficenec, R. D. Kephart, and
W. P. Trower, Phys. Rev. C 9, 2230 (1974).
[7] O. Benhar, A. Fabrocini, and S. Fantoni, Nucl. Phys.
A505, 267 (1989).
[8] O. Benhar, A. Fabrocini, S. Fantoni, and I. Sick, Nucl.
Phys. A579, 493 (1994).
[9] J. Mougey, M. Bernheim, A. Bussie`re, A. Gillebert, P.
Xuan Hoˆ, M. Priou, D. Royer, I. Sick, and G. J. Wagner,
Nucl. Phys. A262, 461 (1976).
[10] D. Dutta et al., Phys. Rev. C 61, 061602(R) (2000).
[11] See the ancillary file accompanying the arxiv submission
for the single and double differential cross sections dis-
cussed in this article.
